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M" = ( + 2) - (Te ... rTq) is hyperbolic with I corpo

X(M") = X(z =2) = (2) . (-2) = 4

A SANITY CHECK : Mut be llIxIllflIM'll [Fujiware -Manning]
· (1z = z /1 = 6 X(2 + 2) = 6 . 4 = 24 [Bucher]
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mantain the same coloring
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S 5 ideal verticer
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M4 5 real verticer ↳
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& fibration on a hyperbolic manifold in quite paradoxical :

H · :
↓ geoderic pluner!D
merin W ⑭

totally geoderic fiber of a fibation i
Y



A very small example in dimension 3

The figure - & Knot complement
double cover theGeeking manifold

that is constructed or follows :

A = (ib) A = (1) IR12
Il

f(Y) = A() descende to f : T20

and fixer ofTh , hence preserver TO =T250)

2 D ideal regular hyperbolic-Ent -G tetrahedon
2 D

The dierking manifold in M3 =
Tox[o ,D (x , 1) - (f(x) . 0)

MAPPING TORUS
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In general dimension n !

Chern-Gauss-Bonnet : n even =DX(M) + 0 FM hyperbolica
↳

Circle-valued Morre function : M M does not fiber
↓ f

We cave XCH)= 5

ci = #Ecritical points with index is
fir PERFECT if 17 (M)l=
when n is odd : f perfectbf fibration



When you have one
, you have many :

· fibrations (perfect functions) lift to finite covers;

· fibrations (perfect functions) can be perforded ,
i. e.

ME0g1 ... . n [f]c [T , 55] = Hom(H ,
M

, I) = H
<

(M, ) = HYCM , IR)
an M
..

Fibrations realise

H"(M
,
IR)

&·

·

VeH" (M
,
2) .......

⑨ ... g

with VIH"(T
, IR)

open cone



[Battista
,
R
. S [Italiano ,

M
., Migliorini

& ~ [Italiano , Migliorini]
Ihm : The manifolds Ma, MY, M5 , M

6
have a

perfect circle-valued Morse function
(that is a fibration in old dimention(

proof : M = EPe] we Dual cube complex C

N When M has
curpo

it collaper onto C



Bestrina-Brady theory

COHERENT ORIENTATION

ON EDGES DIAGONAL MAP

>
>

71 T 1 f : [0, 1
*
-> IR/X M11 >

>
2 - T

go 7 X + Xy+..... + Xn go 7

except possibly at
verticer

~-

geta m
regularee la

Ascending and
-

-

descending
-

Lemma : I they collapse to points ,

P ir regular for f
-

111 17

"opheres , P is Morrectical for f



A very small example in dimension 5

The RataliffeTochantz 5-manifold N has sallest known
-

volume E 3(3) = 2 .

103
...

and two curpo

He = ** 742He = (4) Ha = E Ha = i

It fibers over the circle [Italiano ,

M .; Migliorini]

The fiber F" is an arpherical h-manifold with 5 bounday componente
H = ((x)" He = " Ha=

" XCF") = 1



An inspiring construction

A = (id) f(x) = A() descende to f : Th --T
2

e(f) = (=)0" = TYe fdescende to fio2-+ 02

orthogonal- ⑫↳
invariant foliations

teleatee a

con f

eigenvalver of A.If triple FLAT MANIFOLD

orbito
↳ race

FLAT
-D

-



A direct construction of F" and the monodromy y : F"-oF"

Couch that N = F" = [0
,
17
/

(x
,
1) ~ (y(x) , 0) is the
Ratcliffe-Trchantz hyp5-mfd)

3 =
e [3] p & =D 2 [3] <> ( + I

si 3 1 13 . 34

1 = Sm(f) is a lattice in D2 with bario

(1 , 1) (2
,37 (22 , 33) (33

, 3)

T
= &X in a 4-torce with many automorphium-



Every group automorphism of [3] yields an automorphirm ofTh

v(z) = 3z yields ~(z ,w) = (3z , 53m) isometry

s(z) = - E
"

s(z , w) = (- E ,

- E) isometry

y(z) = 17
11

y(z ,w) = (7z ,
-X4) affine

,

a order

X = E =323 = 3 +3GOLDEN RATIO

DxEpt] & Ept] = Dyield orthogonal UNSTABLE and STABLE

invariant geoderic foliations of dimension 2 in TP

Dio =r,b) TY 04 = Th
Dio

- descende to f : 0" -> OS



What in 04 ? It is &" with singular ret a torre T & 54
that is not locally flat at S points P

, ..., Ps
Pr

s
3 figure eight

P ·
ide

branched
Pr
·

LizE⑳Pi Pe
ORBIFOLD

CONE ANGLE

⑳

Pi Pe
F= F - (p.. . . ., Pj] CONE # LAT 4-MANIFOLD

COME ANOLE 3
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Cor : I manifold M" such that

1) no element in Hz(M) is represented by
immersed E or

2) so many elements in He (M) are represented by
embedded



After parring to rufficiently large finite cover :

F1 = E + [0
, 17 ((x ,

1) ~ (e(x) , 0)

[Fujiwara-Manning] : T
,
(T) is Gromor hyperbolic

Tm [Italiano , M ., Migliorini] xπ ,
(i))

There exists a finite type H >& in hyperbolic 8

which is not hyperbolic " , (F)

Coni : # is locally CAT (0)

↳ Cor : 7 X locally CAT(0) , i , (X) not hyperbolic ,
<pt

π
,
(x)2 + 71


